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Abstract 

We determine all irreducible representations of primary quasi-cyclotomic 
fields in this paper. The methods can be applied to determine the irre- 
ducible representations of any quasi-cyclotomic field. We also compute 
the Artin L-functions for a class of quasi-cyclotomic fields. 

1 Introduction 

A quadratic extension of a cyclotomic field, which is non-abelian Galois over 
the rational number field Q, is called a quasi-cyclotomic field. All quasi- 
cyclotomic fields are described explicitly in [8] followed the works in [1] and 
[3]. They are generated by a canonical Z/2Z-basis. The minimal quasi- 
cyclotomic field containing the quadratic roots of one element of the ba- 
sis is called a primary quasi-cyclotomic field. L.Yin and C.Zhang [7] have 
studied the arithmetic of any quasi-cyclotomic field. In this paper we deter- 
mine all irreducible representations of primary quasi-cyclotomic fields. The 
methods apply to determine the irreducible representations of an arbitrary 
quasi-cyclotomic field. We also compute the Artin L-functions for a class of 
quasi-cyclotomic fields. 

First we recall the constructions of primary quasi-cyclotomic fields. Let 
S be the set consisting of —1 and all prime numbers. For p 6 S, we put 

p — 1 

p = 4, 8,p and set p* = — 1,2, (— l)~p if p = —1,2 and an odd prime 
number, respectively. Let K = Q((p q ) be the cyclotomic field of conductor 
pq. For a class [a] e Q/Z, we set sin[a] = 2 sin got for < a < 1 and 
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sin[0] = 1. For prime numbers p < q, we define 

r jq+j i 



D-l qr-1 
2 2 



sin 



pq 



j pi llll sin rjp±ii 

i=0 j=0 L p<j 



(p>2) 



and 



sin 



v 2g 



9-1 

An 



sin[^] ■ sin[^i] 



For p < q E S, we put 



pq 





if p = 


-1 


V pq 


if p = 


2 or p = g = lmod4 




if p = 


1, g = 3mod4 


VV'Vpq 


if p = 


3, g = lmod4 


, VM-Vpq 


if p = 


g = 3mod4. 



Let = K(y/u pq ) . Then fT is the minimal one in all quasi-cyclotomic 
fields which contain ^Ju vq . We call these fields K primary quasi-cyclotomic 
fields. Let G = Gal(K/Q) and G = Gal(X/Q). We always denote by e 
the unique non-trivial element of Gal(K/K). If (p,q) = (—1,2), then the 
group G is generated by two elements <7_i and <72, where cr^i^g) = (^T 1 and 
02 (Cs) — Cl- If p > 2, then G is generated by two elements o p and cr q , 
where <t p (C p ) = Q, cr p (( q ) = ( q and <r q (Q = ( p , a q (Q) = ( q , with a, b being 
generators of (Z/pZ)* and (Z/qZ)* respectively If p = 2, then G is generated 
by three elements er_i, o" 2 and <7 9 , where cr_i, o" 2 act on £ 8 as above and on ( q 
trivially, and o q acts on ( q as above and on trivially. 

Next we describe the group G by generators and relations. An element 
a G G has two liftings in G. By [Sect. 3, 7] the action of the two liftings on 
^fu^q has the form ±a^/Up^ or ±a^yu pq / '\f—\ with a > 0. We fix the lifting 
a of a to be the one with the positive sign. Then the other lifting of a is 
be. The group G is generated by e, b p and b q (and cr_i if p = 2). Clearly 
e commutes with the other generators. In addition, we have b p b, 



q — cr q a p e 



(and cr_i commutes with b 2 and cr g if p = 2). For an element g of a group, 
we denote by |g| the order of g in the group. Let log_ : : {±1} — > Z/2Z be 
the unique isomorphism. For an odd prime number p and an integer a with 
p \ a, let (|) be the quadratic residue symbol. We also define (|) = (^-) = 1 
for any a. Then we have, see [7, Th.3], 



,q* 



(l + log.!^))]^! and |^| = (l + log_ 1 (^-))|<r,|, 



with the exception that b 2 = 
have furthermore |<r_i| = |cr_ 1 
generators and relations. 



2 1 cr 2 1 when (p,q) = (—1,2). If p — 2, we 
. Thus we have determined the group G by 
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2 Abelian subgroup of index 2 

In this section we construct a subgroup of G of index 2 and determine the 
structure of the subgroup. We consider the following three cases separately: 



Case A 
Case B 
Case C 





a p 






a p 











\ a p 
2\a 

2\o n 



and 
and 



or 
- 2\a n 



\ a p\ = 



'p\i 



= 2k 



All the three cases may happen. In fact, the case (A) happens if and only 
if (£) = (£) = 1; the case (B) happens if and only if (£) ^ (£) or 

— ( — 1)2); and the case (C) happens if and only if (^-) = (2-) = —1. 

In the case A, we define the subgroup N of G to be 



N 



< 5>, off, e > 



if p = 2 
if p^2 



(A2.1) 



It is easy to see that the subgroup iV is abelian of index 2 and is a direct 
sum of the cyclic groups generated by the elements. Thus we have 



'Z/2Z©Z/(( ? - 1)/2)Z©Z/2Z if p = -] 

A = Z/2Z © Z/2Z © Z/((g - 1)/2)Z © Z/2Z if p = 2 
Z/(p - 1)Z © Z/((g - 1)/2)Z © Z/2Z if p > 2. 



(A2.2) 



In the case B, we define the the subgroup N of G to be 



N = I <a p ,a 2 q > 



if p = 2 

if p ^ 2 and 



2|a n 



if 



2|<7„ 



Again iV is abelian and has index 2 in G. In addition, we have 



N 



'Z/2Z©Z/2Z 

Z/2Z©Z/(g- 1)Z 

Z/2Z © Z/2Z © Z/(q - 1)Z 
k Z/(p- l)Z©Z/(g- 1)Z 



if (p,g) = (-l,2) 

if p = -1, g > 2 

if p = 2 

if p > 2. 



(52.1) 



(52.2) 



In the case C, we must have p, q are odd prime numbers. Let v 2 (p — 1) 
denote the power of 2 in p — 1. We define the subgroup N of G to be 



N 



<a p ,a q > 
<a p ,a*> 



if v 2 (p - 1) < W2(<? - 1) 
if v 2 (p - 1) > v 2 (q - 1). 



(C2.1) 
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Then N is an abelian subgroup of G. When v 2 (p — 1) < v 2 (q — 1), we have 





5? 






_ (p-l).2(g-l) 


< "l 


: > n< ; 


?<? > 


2 



So [G : iV] = 2 and iV is a normal subgroup of C We have the same 
result when v 2 {p — 1) > ^(g — 1). The subgroup < 3p,<? 9 > is always 

an abelian subgroup of G of index 2. But we can not get all irreducible 
representations from the inducement of the representations of this subgroup 
when v 2 {p — 1) > v 2 (q — 1). So we define iV in two cases. 

Next we determine the structure of the subgroup N in the case C. We 
consider the case v 2 (p — 1) < v 2 (q — 1) in detail. Let d = gcd(^-,g — 1), 
s = (p — l)/2d and t — (q — l)/d. Choose u, v e Z such that + vt — 1. 
We have the relations 

(Sjr^l, (5j)^= e = 5?- 1 . 
Let M be the free abelian group generated by two words a , f3. Let 

p - 1 

«i = (P - !)« 5 A = — « ~ (? ~ 5 

and let Mi be the subgroup of M generated by a± , /3i. Then Mi is the kernel 
of the homomorphism 

M — ► TV; ol i — > 3"p, (3 i — > 3"^ . 
So we have iV = MjM\. Define the matrix 

Then (a± , Pi) = (a , (3) ■ A. We determine the structure of Mi by considering 
the standard form of A. Define 

P := ( « j e SL 2 (Z) ; Q := (_\ ^ + \) e SL 2 (Z). 

Then 

*==™2=(o _ 2s( °_ 1( ) 

is the standard form of A. Let 

(r,/i) = (a,(3)P~ l and (n , /ii) = (a x , (3i)Q. 
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Then (n , /Ji) = (r , /i)B, M = Zr © Zfi and M 1 = Zdr © Z2s(g - We 
thus have 

iV = M/Mi = Z/rfZ © Z/2s(g - 1)Z . 
By abuse of notation, we also write 

(r,|i) = (3j,? 9 )P- 1 = (3j'5; > ? p -^). 

Then r , /x are of order d , 2s(q— 1) respectively, and iV is a direct sum of < r > 
and < p>. We have <Xp = r"/i~* and er 9 = r v p s . When v 2 (p — 1) > v 2 (q — 1), 
we get the structure of iV in the same way. So in the case (C) we have 

N ^ fz/rfZ©Z/2 S (g-l)Z if i*(p-l)<i*(9-l) 

(Z/d'Z Z/2s'(p - 1)Z if v 2 (p-l) > v 2 (q-l), 

where d = gcd(^-,g — l),s = (p — l)/2d and = gcd(p — l,^-),s' = 

(? - n. -''/'• 

Now we summarize our results in the following 

Proposition 2.1. TTie abelian subgroup N of the group G of index 2 defined 
in (A2.1), (B2.1) and (C2.1) has the structure described in (A2.2), (B2.2) 
and (C2.2) in the cases (A), (B) and (C), respectively. In particular, every 
irreducible representation of G has dimension 1 or 2. 



3 2- dimensional representations 

We determine all irreducible representations of G in this section. We will use 
some basic facts from representation theory freely. For the details, see [6]. 

It is well-known that the 1-dimensional representations of G correspond 
bijectively to those of the maximal abelian quotient G of G, which are Dirich- 
let characters. So we mainly construct the 2-dimensional irreducible repre- 
sentations of G. From the dimension formula of all irreducible representa- 
tions, we see that G has \G\/4 irreducible representations of dimension 2, up 
to isomorphism. Let iV be the subgroup of G defined in last section. Let 
G = N U aN be a decomposition of cosets. If p : iV — > C* is a Representation 
of N, the induced representation p of p is a representation of G of dimension 
2. The space of the representation p is V = Ind^(C) = C[G] <8>c[N] C with 
basis e 1 — 1 <S> 1 and e 2 = a ® 1. The group homomorphism 

p: G — ► GL(V) ~ GL 2 (C) 

is given under the basis by 
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where p(a) = if a N. The representation p is irreducible if and only if 
p 2^ p T for every r e G \ N, where p T is the conjugate representation of p 
defined by 

p T (x) = p(t~ 1 xt) , V x e N . 

Since N is abelian, we only need to check p ^ p a . 

JNow we begin to construct all 2-dimensional irreducible representations 
of G. As in last section, we consider the three cases separately In addition, 
we consider the case when p and q are odd prime numbers in details, and 
only state the results in the cases when p = — 1 or 2. 
3.1. Case A. Assume p > 2. We have in this case N = (a p , , e) and 

N = Z/(p - 1)Z © Z/((q - 1)/2)Z © Z/2Z . 

Every irreducible representation of N can be written as pijk : N — > C* with 

Pijk(vp) = Q-i ; Pijkfiq) = CgU ; Pijk(e) = (-i) fc • 

where < i < p - 1, < j < ^ and k = 0, 1. Since G = N U <7 9 iV and 
/°3fc( ? p) = Pijki.e)p ijk {a p ) = (-l) k p ijk (a p ), we have 

ft?* ^ Pijk A; = 1. 

Write pij = piji. The induced representation : G — > GL 2 (C) of p^ is 
given by 

where / is the identity matrix of degree 2. Since 

/%(S?)=( C V and ^■(5J)=( C ^ 1 C SJ, 

we see that the representations p^ with < % < 2^-, < j < are i rre_ 
ducible and are not isomorphic to each other, by considering the values of the 
characters of these representations at a"i and cr?. The number of these rep- 
resentations is ■ — So they are all the irreducible representations 
of G of dimension 2. 

Similarly, when p — —1, all irreducible representations of G of dimension 
2 are pj with < j < where 

PA*-i)=(l (j C V), Ke) = -I (^43.2) 
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and when p — 2, all irreducible representations of G of dimension 2 are p^ 
with < % < 1 and < j < where /%(£) = — / and 

= (-iyi, Pvfa) = (J ^) , ^(^) = (J • (A3.3) 

3.2 Case B. Assume p > 2 and |tx 9 | = 2\a q \. Then A 7 " = (a p , 3^), and 

iV = Z/(p - 1)Z © Z/(g - 1)Z. 
Any irreducible representation of N has the form p^ : A" — >■ C*, where 

and < i < p — 1, < j < g — 1. It is easy to check that 

pl q ^ Pij ^j = l (mod 2). 
The induced representation p^ : G — >■ GL 2 (C) of p^ with odd j is given by 

fci-fo) = _ ° J , = ^ . (53.1) 



Since 



/%(S?)=( C V C 2°J and &(5J)=( C ^ C ,°J 



we see that the representations p^ with < « < and < j < g — 1, 2 { j 
are irreducible and are not isomorphic to each other. The number of these 
representations is So they are all the irreducible representations of G of 
dimension 2. 

Similarly, when (p,q) = (—1,2), there is only one irreducible representa- 
tion p of dimension 2 defined by 

Po(5-i) = , and p (5 2 ) = Q^j • (53.2) 

When p — — 1 and g > 2, all irreducible representations of dimension 2 
are p~j with < j < q — 1, 2 { j, where p,- is defined by 

&(3U) = (J ^ and (j C y). (53.3) 

When p = 2, all irreducible representations of dimension 2 are p^ with 
< i < 1 and < j < q — 1, 2 f j, where p^ is defined by 

frP-i) = Piifa) = (J ^ , Pa{° q ) = (j C V) • (53.4) 



When \a p \ = 2\a p \, all irreducible representations of dimension 2 are p^- 
with < % < p — 1, 2\i and < j < ^y^, where pY,- is defined by 

P*&v) = (J C V) , = ( C V _ c ° J • (53.5) 

3.3. Case C. Assume v 2 (p — 1) < t>2(<? — 1)- Let 

, ,p — 1 . p — 1 g — 1 

« = g cd (^— , 9 - 1) , s = -gj- , * = —j- 5 + ft = 1 

as before. We must have that t is even and w is odd. Let r = a^ s ■ a l q and 
/x = a~ 2v ■ a™. Then N = (a p , a q ) = (r , p) and 

N = Z/dZ © Z/2s(g - 1)Z. 

Any irreducible representation py : A r — > C* is of the form 

Pair) = Q = Cjl^li) and p^-(p) = = C*_i )( ,_i)- 

From (7p = r u p - ' and a g = t v /j, s , we have 

Py® = CT j ; Pyfo) = 5 = PyG^ = (-1)'' ■ 

It is easy to show 

p^^ Pa ^3 = 1 (mod 2). 
The induced representation p^- : G — > GL 2 (C) of p^- with odd j is given by 

Here in the first equality we used the fact that t is even, and in the second 
equality we used the fact that u is odd. Furthermore we have 



fci-fo) = (j ^ J ; Pvfr) = r 2{q - 1] _ C 2tv i+ A ■ (C3.i) 

By considering the values of the character of p^ at r and p 2 , we see that all the 
representations p^ with < i < d and < j < s(q — 1), 2\ j are irreducible 
and are not isomorphic to each other. The number of these representations 
is d ■ s ^~ 1 - > = So they are all the irreducible representations of G of 
dimension 2. 
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Similarly, if v 2 (p — 1) > v 2 (q — 1), we let 

<? = gcd(p-l,^), s ' = ^i,f = ^ll; uV + t/f = 1. 

Then all the irreducible representations of G of dimension 2 are p^- with 
< i < d! and < j < t'(p — 1), 2 { j, where p^- is defined by 

/>2sVi+j g \ , r 2t'v'i-3\ 

PhPp) = ( \ ] _ C J'^j 5 = (l J ■ {C3 - 2) 

Let R 2 (G) be the set of all irreducible representations, up to isomorphism, 
of G of dimension 2. As a summary, we have proved the following. 

Theorem 3.1. All 2- dimensional irreducible representations of G are in- 
duced from the representations of N. In detail, we have 
In the case (A) 

\{p i \o<j< !L r} ifp = -i 

R 2 (C) = I {pij | % = 0, 1, < j < if p = 2 

U^|°<*<¥> 0<j<2=i} ifp>2, 

where pj, p^ and p^ are defined in (A3. 2), (A3. 3) and (A3.1) respectively. 
In the case (B) 



R 2 (G) 



f{Po} if (p,g) = (-l,2) 

{pj\0<j<q-l, 2\j} if p=-l, q>2 

{pij M = 0,1, 0<j<q-l, 2\j} if p = 2 

{pij | < % < p - 1, 2 f i, < j < if \a v \ = 2\cr p \ 

{pij | < % < e y-, < j < q - 1, 2 f j} otherwise, 



where p , Pj, p^-, pY/ and p^- are defined in (B3.2), (B3.3), (B3.4), (B3.5) 
and (B3.1) respectively. 
In the case ( C) 



{Pij\0<i<d, 0<j<s(q-l), 2\j} tfv 2 (p-l)<v 2 (q-l), 
{Pij | < % < d', < j < t'(p - 1), 2 \ j} otherwise, 



R 2 (G) = 

where p^ and p^ are defined in (C3.1) and (C3.2) respectively. 
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4 The Frobenious maps 



This section is a preparation for the next section to compute the Artin L- 
functions of the quasi-cyclotomic fields K when p — — 1. For a prime number 
£ which is unramified in K/K, let Ig (resp. If) be the inertia group of t in 
the extension K/Q (resp. K/Q). Let Fr^ be the Frobenious automorphism 
of I in G/If and Fr^ the Frobenious automorphism of I in G/If associated to 
some prime ideal over i. In this section we determine Fr^ by Fr^ for I = 2. 

From now on, we always assume that p = —1, namely, K = Q(C4<j) and 
K = K(^/q*). For a prime number £, we say that £ is ramified (resp. inertia, 
splitting) in the relative quadratic extension K/K if the prime ideals of K 
over i are ramified (resp. inertia, splitting) in K. In [Sect. 5, 7] we have 
determined the decomposition nature of odd prime numbers in K/K. Now 
we determine the decomposition nature of 2 in K/K. 

Proposition 4.1. If q = 2, then 2 is ramified in K/K. If q is odd, then 2 is 
unramified in K/K if and only if (|) = 1, and in this case 2 splits in K/K 

if q* = lmodl6 and is inertia in K/K if q* = lmod8 but q* ^ lmodl6. 

Proof. We first consider the case q — 2. The unique prime ideal of K over 2 
is the principal ideal generated by 7r := 1 — Cs- Since the ramification degree 
of 2 in K/Q is 4 and \[2 = it(it + 2£ 8 )C8j we have that 2 is ramified in K/K 
if and only if x 2 = y^modTr 10 is not solvable in the ring Ok of the integers 
of K by [2], which is equivalent to that (1 + ^Cs)C8 m od7r 8 is not a square. 
Since 2 = un A for some unit u, we have 

(l + -C 8 )C8 = C8 = (l-7r)mod7r 3 , 

71 

namely (1 + -C8)C8 m °dvr 3 is not a square. So 2 is ramified in K/K. 

Now we assume that q is odd. Let 7r 2 = 1 — £4. Then 2 is unramified in 
K/K if and only if x 2 = Y/g^modvrl is solvable in Ok- Furthermore, 2 splits 
in K/K if and only if x 2 = v /g*mod7rf is solvable in 0^-. By Gauss sum we 
have 

0=1 y (l)=l 

Let a = £(!)=i C = E(| )= iC 2 V and 7 = £(|)=i E(|)=i, a<feC 2 a g +fe , 
where in the summations a, 6 run over 1, 2, • • • , g — 1. Then a = /3 2 — 27, 
from which and the equality 2 = tx\ — tx\ , we have 

= 1 + 2/3 2 - 4 7 = 1 + tt|/? 2 - tt|/5 2 - 4 7 

= (1 + vr 2/ 3) 2 - tt 3 2 ((3 + (3 2 ) + - 7) 

= (1 + 7i 2 p) 2 - 7r 3 (a + /3) + 4(P + 7 )mod7T 2 5 . 
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9-1 



Since ( 2q = ~(q 2 = —C q , where t is the inverse of 2 in (Z/gZ)*, we see 
P = E (f) =i(-l) a C = E (f) =iCmod2. So if (f) = 1 we have a = /3mod2 

and thus 2 is unramified in K/K, and if (|) = —1 we have = YH=\ Q = 

— lmod2 and thus 2 is ramified in K/K. 

Now we assume (-) = 1. Then y^modTr! is a square if and only if 
^2 | ft + 7- We consider 2(/3 + 7). Since ct = /3mod2, we have 

2(p + 7) = 2(3 + (3 2 - a = a(a + l)mod4. 



From y^q* = 1 + 2a, we see a(a + 1) 



Since 8 | q* — 1 under the 



assumption 



1, we have (3 + 7 = 2 -^-mod2. So 7r 2 | /? + 7 if and only if 



7T 2 



namely 2 | q -^ L . We complete the proof. 



□ 



By the way, we have determined the ring of the integers of K. In 
fact, we have 

Corollary 4.2. Assume that q is an odd prime number. Let t q — (q — l)/4 
if q = lmod4, and t q — (q — 3)/4 if q = 3mod4. TTien 



A' 



[z 


C4g, 




T2(sin[i])*9 


1 z 


C4 9 , 






2(sin[A])«« 



if (f) 
if (f) 



Proof. See [Th.2, 7]. 



□ 



Now we assume that 2 is unramified in K/K. Let Fr 2 G G such that 
F r 2(C4) = 1 an d Fr 2 (C g ) — Co- It is a Frobenious element of 2 in G modulo 
J 2 . We have Fr 2 = cx^ 2 with 2 | 6 2 for (|) = 1. Thus Fr 2 = a^ 2 or Fr 2 = o^e. 
We need to determine Fr 2 completely. Since (|) = 1, we have 



^ = (1 + n 2 a) 2 + 7r|(/3 + 7)mod7rfj. 

,2 V 



2-^ F O- 



Write -u = 1 + 7r 2 « for simplicity. Since ^/g* = w mod7rj, we see 
Let p be the prime ideal of K over 2 associated to Fr 2 . By the definition, we 
have 



Fr 9 



tfq* — u 



u 



\l Q* — U 

(P + l) + modp. 



On the other hand, since a b M^/q*) = (—1) * tfq* and cr q 2 (u) — u for 2 | & 2 , 



we have 



« 4 /ri* 
q \ 



-1)' 



2 ^1 q* 



u 
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and 



) = — 7T 1 ■ 



So if 2 | y we have Fr 2 = cr 2 2 if and only if ir 2 I P + 7 (namely 2 splits in 
K/K), and if 2 { y we have Fr 2 = cr 2 2 ^ an d onr y if 7r 2 t + 7 (namely 2 is 
inertia in K/K). In the case g = 3mod4, we can always assume that 2 f y, 
since if 4 | & 2 , we m ay replace 6 2 by 6 2 + (g — 1). In the case g = lmod4, we 
have 2 | y 2^ = lmodg g has the form A 2 + 64P 2 for A,B6Z, 
by the Exercise 28 in Chap. 5 in [5]. So we get the following result 

Proposition 4.3. Assume that 2 is unramifted in K/K. Let Fr 2 = <r 2 2 . We 
have 2 | b 2 . If q = 3mod4 ; we always assume b 2 = 2mod4. Lei P ^ e ^ e 
o/ £/ie prime numbers of the form A 2 + 64P 2 with A, B G Z. T/ien we Ziave 



Fr 9 



3^ if g ^ P , 16 f g* - 1, or g G P , 16 | g* - 1 
o^e if g G P , 16 f g* - 1, or g ^ P , 16 | g* - 1. 



The following lemma is useful in next section. 
Lemma 4.4. We have e G Ie if and only if £ is ramified in K/K. 

Proof. The canonical projection G — > G ~ G/(e) induces a surjective homo- 
morphism If — > If which implies the isomorphism If/ < e > Hlf = If. Thus 
t is ramified in K/K <=^> \I e \ = 2\I e \ <<=^ \I £ n < e > | = 2 self. □ 



5 The Artin L-functions 

In this section we compute the Artin L-functions of the quasi-cyclotomic 
fields K = Q(( 4q ,y¥). 

The L-functions associated to the 1-dimensional representations of G arc 
the well-known Dirichlet L-functions. So we mainly compute the L-functions 
associated to the 2-dimensional irreducible representation of G. Let (p : G — > 
GL(V) be a 2-dimensional irreducible representations. The Artin L-function 
L((p, s) associated to (p is defined as the product of the local factors 

£(y?> s ) = 11 L ^(^' s )' 

^:primc 

where the local factors are defined as L^tp, s) = det(l — ip{Fif)i~ s \V l1 )^ 1 . 
Now we begin to compute them. First we notice that if I is ramified in 
K/K, then V Ie = and Lf(<p, s) = 1, which is due to the facts that e G If by 
Lem.4.4 and ip(e) = —I for any irreducible representation ip of G by Th.3.1. 
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5.1 The case q = 2. By section 3, there is only one 2-dimensional represen- 
tation po in this case, which is defined as 

Po(5-i) = (J , and p (a 2 ) = ^ ^ 

Since 2 is ramified in K/K, we have L 2 (po, s) = 1. Assume that £ is an odd 
prime number. 

If £ = 7mod8, then Fr^ = <r_i and thus Fr<? = <r_i or 3Li£. In any case 
we have 

Mpo, s) = det (/ ± (J _ ^ r-) 1 = (i - r 2 -)- 1 . 

If £ = 5mod8, then Fr^ = <r 2 and thus Fr^ = cr 2 or a 2 e. We have 

If £ = 3mod8, then Fr^ = (x_ia" 2 and thus Fr^ = <7_i(72 or SLio^- We 
have 

i o \ fo -i\ ^V 1 „ „_ 2sW 



L,(p , S )=det^/±^ _ x j ^ Q jr s j =(l-€ 

If £ = lmod8, then Fr^ = 1 and thus Fr^ = 1 or e. In this case, we 
must determine Fr^ completely. Since Fr^(v / 2) = (v / 2)^modp for the prime 
ideal a of K over £ associated to Fr^, we have Fr^ = 1 if 2~ = lmod£, and 

- — - £—1 

Fr£ = e if 2~ = — lmod£. As in last section, we have that for £ = lmod8, 

£— 1 

2~ = lmod£ if and only if £ e Pq- So we have 



Mpo, s) 



l-r s )- 2 if£eP 

(1 + £ -s )~ 2 otherwise. 
We get the Artin L-function in the case (p, q) = (—1, 2) as follows. 

L(p ,s)= n (l-r 2 -)- 1 . n (i+o -1 

fe3 or 7(8) fe5(8) 

x[](i-rr 2 - n (i + *~T 2 - 

teP fei(8), egp 

5.2 The case q is odd. All 2-dimensional irreducible representations of G 
are pj with < j < q — 1,2 | j if g = lmod4, and < j < g — 1, 2 \ j if 
g = 3mod4, where pj is defined by 

Pj(3Li) = , = ^ and pj(e) = -/. 
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We first determine the local factors Le(pj,s) for £ ^ 2,q. For such £, we 
have V Ie = V. Let Fr^ = a°i\a bi , which is equivalent to i = (— l) a£ mod4 and 
£ = (yf^modg, where g is the primitive root modg associated to a q . It is easy 
to compute that 



&(5?) = 



o C' 








Furthermore, we have 



det(7-p j (^ 1 ^)r^ 



S 2 (,-l) 



and 



det(J + ^-(3^3^)0 = < 



i + C!V 



i + Cft^ 2s 





if 2 | b t 


j 


it 2 f &£. 


if a e 


= 0, 2 | 6 £ 


if a £ 


= 0, 2 f b e 


or ae 


= 1, 2 | 6 


if a £ 


= 1, 2 f 6/ 


if d£ 


= 0, 2 | b e 


if 


= 0, 2 f 


or 


= 1, 2 | 6 


if at 


= 1, 2]be 



So we get 



if £ = lmod4 and £ = g bl modq with 2 f 6^, or if £ = 3mod4 and £ = g^modg 
with 2 | and 



^(ft-,a) = (l + dV- 2 T 1 



if 



3mod4 and 



g £ modg with 2 \ be. 
To compute the local factors when £ = lmod4 and £ = g be modq with 
2 | be, we must determine Fr £ completely. Since (|) = 1, we have (|) = 1 and 

(£) = 1. Let ^ G Z such that a\ = q*mod£. From 3^(^f) = (-1)^ 

we see Fr £ = a be if (f ) = (-1)^ , and Fr € = o^e if (f ) = (-1)^ +1 
when £ = lmod4 and £ = g be modq with 2 | be, we have 



5 , 
So 



Le(pj,s) 



(1 _ £? b * 



(i + Ci 



2(9-1) 
■3 be 

2(9-1) 



2 jf (*) = (_!)* 
r «)-2 if (^) = (_l)Tf+ 1 . 



Next we compute the local factors L 2 (pj,s) and L q (pj,s). When (|) = 
— 1, we know from last section that 2 is ramified in K/K. So L 2 (pj, s) = 1 
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in this case. Now we assume (|) = 1. Since I 2 =< <J-\ > and 2 is unramifed 



in K/K, we have J 2 =< o~\ > or J 2 =< o-\E >■ The matrixes I + pj(er_i) 
and / + pj(a_ie) have rank 1. So V /2 has dimension 1. Write Fr 2 = a 2 2 
with 2 I 6 2 - As in last section, we always assume 62 = 2mod4 if q = 3mod4. 
Recall that Pq be the set of the prime numbers of the form A 2 + 64B 2 with 
A, B e Z. Since Pj(a b 2 2 ) = C^-i) 7 ' b ^ Prop.4.3 we have 

Lr , fl-C$-i)2- if g^P ,16tg*-l, orgeP ,16|g*-l 
' \l + Cl5_i)2— if geP ,16tg*-l, org^P ,16|g*-l. 

When g = 3mod4, we know that q is ramified in K/K. So L q (pj, s) = 1 
for odd j in this case. Assume g = lmod4. Since I q =< o q > and q is 
unramifed in K/K, we have J g =< a q > or J 2 =< & q e >• Thus l^ 9 = if 
j 7^ 0, and has dimension 1 if j = 0. 

The Frobenious map Fr g of q in G modulo I q is the identity map. So 
Yi q — 1 or e. In [Sect. 5, 7] we have showed that q splits in K/K if q = lmod8 
and is inertia if g = 5mod8. So Fr 2 = 1 if q = lmod8 and Fr 2 = e if 
g = 5mod8. Thus we get 

ifjVo 

L q (pj, s) — ^ 1 — g~ s if j = 0, g = lmod8 
5 if j = 0, g = 5mod8. 

We have computed all the local factors. So we have 
L(p v s) =(1 - « 9 Cg_ 1) 2-)- 1 (l " (-1)^0^ 

x n (i-cfv- 25 )- 1 

fel, 2fb^ or e=3, 2\b e 

x n (i+c^)- 1 n (i-uec^i 

e=3, 2\b e e=i, 2\b e 

where u q — 1 if q ^ Pqj 16 f g* — 1, or g G Po> 16 | g* — 1 and u 




(5.2) 



-s\-2 
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otherwise; rij = if j 7^ and n = 1; and = (^f)(— 1) 2 . Here in the 
products, " = " means the congruence modulo 4. 

Theorem 5.1. Except for the Dirichlet L-functions, all Artin L-functions of 
the Galois extension K/Q are explicitly given by (5.1) in the case q = 2 and 
by (5.2) in the case q is odd, where in (5.2) < j < q— 1, 2 | j if q = lmod4 
and < j < q - 1, 2 \ j if q = 3mod4. 
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5.3 A formula. Let C^(s) and (k(s) be the Dedekind zeta functions of K 
and K respectively. By Artin's formula of the decomposition of Dedekind 
zeta functions, we have 

gg=n n ^.»)'. 

pj l: prime 

where pj runs over all 2-dimensional irreducible representations of G. When 
q = 2, there is only one 2-dimensional irreducible representation of G. So the 
square of (5.1) gives the formula. When q is odd, by computing [}~ L e (pj, s), 
we get the following 

Corollary 5.2. For a prime number £ ^ q, let fe = j^m~zrn ^ e ^ e or ^ er 
of imodq and let ge = gcd(&£, g — 1) = Qj ^ L . If q = lmod4 ; we nave 



^| =(1 - «f 2- /2S )" 92 (l - (-l)^g- s )- 2 J] (1 - r^*)- 2 -"' 

fel, 2\b t or 1=2, 

x JJ (i- u f /r fes )- 29 t, 

£=1, 2\b t 



and if q = 3mod4 7 we nave 

^| =(i + ^ 2 2- /2S )- ff2 JJ (l + r^)- 2 ^ JJ(i -r 2ft ')~ 9t 

^ K ^ s ) e=i, 2\b t i=z 

e=i, 2\b e 

where u q and ug are as above. 
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